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Abstract: Decision rules become more and more complex as the number of conditions increase. As a consequence, the
complexity of the decision rule also influences the time complexity of computer implementation of such a rule. Consider, for
example, a decision that depends on four conditions A, B, C and D. For simplicity, suppose each of these four conditions is
binary. Even then the decision rule will consist of 16 lines, where each line will be of the form: If A and B and C and D, then
action 1. If A and B and C but not D, then action 2 and so on. While executing this decision rule, each of the four conditions will
be checked every time until all the four conditions in a line are satisfied. The minimum number of logical comparisons is 4
whereas the maximum number is 64. This paper proposes to present a complex decision rule in the form of a decision tree. A
decision tree divides the cases into branches every time a condition is checked. In the form of a decision tree, every branching
eliminates half of the cases that do not satisfy the related conditions. As a result, every branch of the decision tree involves only
four logical comparisons and hence is significantly simpler than the corresponding complex decision rule. The conclusion of
this paper is that every complex decision rule can be represented as a decision tree and the decision tree is mathematically
equivalent but computationally much simpler than the original complex decision rule.
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1. INTRODUCTION

Life is full of occasions for making decision. Whether one considers such an occasion as an opportunity or a threat is one’s
own perspective. The fact of the matter, nevertheless, is that a decision must be made, a choice must be declared, or an option
must be selected. What is so great about decision making? Available decisions are presented to the decision maker, who has
to choose one of the available alternatives. What makes decision making a challenge is not that deciding is difficult, but the
consideration of the consequences of the decision makes it tough for the decision maker to make a decision. On one side,
nobody likes to make a decision that involves hard work, high costs, or long waits and yet most us are found to be doing
precisely the same. On the other side, everybody likes to make a decision that does not involve hard work, does not require
large amounts of money, or does not make us wait for long and yet hardly anybody makes such a decision. Both these
scenarios are the two sides of the same coin, and hence one can consider only one of the two at any given point of time. One
side of the problem, therefore, considers the cost or loss involved in making the decision and attempts to minimize the cost or
the loss. The other side of the problem, obviously, considers the profit or the gain that can be include by the decision and
makes an attempt the maximize this gain. What makes decision making difficult is not the act of identifying the decision that
minimizes the loss or maximizes the gain but the fact that the consequences are hard to determine due to the dynamic nature
of the circumstances. The consequences of a decision do not depend on the circumstances prevailing from time to time.
Consider, for instance, the case of deciding whether or not to invest in the stocks of a company that has offered the stocks at a
certain premium. The problem would be trivial if the company could keep its promise as long as the investment was made.
As a matter of fact, the company would keep its word only as long as it finds itself in a position to do so, financially
speaking. When the company finds itself in a condition that makes the company incapable of legal way out of the agreement.
The consequence for the investor is not the same that was promised but what turned out to be the reality could not be
predicted when investment was made in the first place.

Another reason why decision making is not simple is that most of the situations do not call for simple one-step decisions. A
decision in reality often turns out to be a decision process because several aspects are to be taken into consideration before
making a decision. What makes the problem more complicated is the fact that some of these aspects are simultaneous, while
others depend on one another and hence complicate the problem further. When some aspects depend on one another, they
cannot be considered in any arbitrary order, but have to be considered in an order that is consistent with the dependency
structure among these aspects. It is also necessary to note that a decision-making challenge can become more complicated if
stakes are high, if no expert is available for advice, or if decisions are to be justified (and not only be made). It is also
necessary to keep in mind that a decision leads to a certain action or a sequence of actions, where the consequence of the
action or the sequence actions is described as the consequence of the decision only for simplicity of presentation or brevity. It
is also important to note that every action may not have a specific consequence, resulting in an uncertainty about the
consequences. The only options available to the decision maker in such situations are to consider the expected consequence,
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the most likely consequence, the worst possible consequence, or the best possible consequence. The decision maker is free to
choose any of the available options provided that the decision maker has a rational justification for the preference option.

2. DECISION THEORY AND DECISION RULES

2.1 Decision Theory

Decision theory can be simply defined as a theory about decision making under different conditions, which can range from
simple to complex. As it is, decision theory is neither unified nor complete. However, there are some components of decision
theory that lead to decision making as well as to ways of assessing different methods of decision making, usually known as
decision rules. Let us therefore begin from the fundamentals of decision theory. Decision theory is founded on some axioms
which are listed here.

Axiom 1(A). Generation of Alternatives

There at least two alternatives decisions or actions that can be specified. Axiom 1(B).

Identification of Consequences

The relative likelihood of every potential consequence that could arise out of an alternative can be specified.

Axiom 3. Quantification of Preference

The utility of every potential consequence of any alternative can be specified. Axiom 4(A).

Comparison of Alternatives.

When two alternatives lead to the same two potential consequences, then it is prefered to use the alternative that has a higher
probability for the more preferred consequence.

Axiom4 (B). Transitivity of Preferences.

If alternative 'a’ is preferred to alternative 'b* and if alternative 'b' is preferred to alternative 'c’ then it is a logical consequence
that alternative 'a' is preferred to alternative 'c'.

Axiom4(c). Substitution of Consequence

If one particular consequence of an alternative can be replaced by set of consequences that have the same probability of
occurrence as the original single consequence, then it is logical and consistent to treat the original and substitute
consequences to be equivalent.

John Dewey (1978) proposed a six stage model for a decision process with the following six stages. Stage 1. Problem
identification and definition.

Stage 2. Problem analysis and establishing the criterion. Stage 3. Generation of creative and productive solutions.

Stage 4. Evaluation of the options and selection of the best possible solutions. Stage 5. Taking action that leads to the
required solutions.

Stage 6. Evaluating and judging the solution that is (to be) implemented.

There have also been some more models proposed for structured decision processes. Some of the mentionable models include
the following

ACE (Ask, Clarify, Evaluate) PDCA (Plan, Do, Check, Act)

Five-step (Define, Analyze, Solve, Test, Implement)

DMAIC (Define, Measure, Analyze, Improve, Control)

Seven-step (Define, Study Situation, Analyze, Develop Solution, Test, Implement, follow-up)

8D (Use Team Approach, Describe Problem, Temporary Fixes, Root Cause, Permanent Fix, Implement, Prevent Recurrence,
Celebrate).

After completing the six stage of the Dewey model, the following outcomes will be obtained. Problem

Statement

Affinity Diagram Involving Potential Solutions Evaluation and Testing of Solutions

Effort / Impact Matrix Corresponding to an Acceptable Solution. Model Analysis with an Implementation Plan.

Evaluation of the Solution.

3. WALD'S DECISION THEORY

Abraham Wald (1950) developed the statistical decision theory that overcomes to decision making posses. Wald's theory
begins with an unknown parameter representing the state of nature and a decision space D that consists of the possible
decisions d D. A non-negative loss function L( , d) denotes the loss due to the decision d when is the true state of nature.
The decision is based on a sample x obtained from a sample space X according to a family of distributions f(x, ), . A
randomized decision rule is a mapping from the sample space X into the space of probability measures on D, so that for
any sample x, (x) denotes a probability distribution on D. The risk function associated with the randomized decision rule is
defined as the expected loss due to when is the true value of the parameter and is denoted by r(, ). Hence r(,) = E {E
OIL(, d)Ix]}-

The risk function provides the basis for making decisions. The sample space as well as the parameter space can each be
discrete, continuous or mixed type. In practice, however, both are mostly discrete rather finite. It is then not always
possible to determine the optimal decision rule mathematically. Moreover, most of the decision problem involves several
variables, so that the sample is actually a vector of observations and it is required to use one component at a time for
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arriving at an optimal decision rule. A common practice of solving a decision problem is to form the loss table
corresponding to the possible values of and the available decision d. It is to be noted here that the parameter , that denotes
the state of nature, need not be a scalar. It is often a vector and the decision is made by considering one component of the

vector of parameters at a time. It may be useful to illustrate this point with help of an example.

Example 3.1 Russell and Norvig (2009) have described the problem where the question is “whether or not the customer

will wait for a table" in a restaurant. The problem has 10 parameters as follows.

Alternate. Is there a suitable alternative restaurant nearby? The two possible states are yes and no.

Bar. Does the restaurant have a comfortable bar area to wait in? The two possible states are yes and no.
Fri/Sat. Is it a Friday or Saturday? The two possible States are yes and no.

Hungry. Is the customer hungry? The two possible states are yes and no.

Eall

Patrons. How many people are in the restaurant? The three possible state are none some and full.
Price. What is the range of restaurant's price? The three possible states are $,$$ and $$$.
Raining. It is raining outside? The two possible states are yes and no.

Reservation. Has the customer made a reservation? The two possible states are yes and no.
Type. What kind of restaurant is it? The four possible states are French, Italian, Thai and Burger.

Hoo~NoO

minutes, 30-60 minutes and more than 60 minutes.

0. Wait Estimate. What is the waiting time as estimated by the host? The four possible states are 0-10 minutes, 10-30

The example then has 12 instances where all the 10 parameters are known and it is also known whether or not the

customer waited for a table. These 12 instances are presented here for information and inspection.

Attributes Goal
Willw
Example
Alt Bar Fri Hun Pat Price |Rain Res Type Est it

X1 Yes [|No No [Yes Some  [$$ No Yes French 0-10 Yes
X2 Yes [No No |Yes Full 5 No No Thai 30-60 |No
X3 No [Yes No [No Some B No No Burger 0-10 lYes
X4 Yes [No Yes |[Yes Full 5 No No Thai 10-30 |Yes
X5 Yes [|No Yes |No Full B$S No Yes French >60 No
X6 No [Yes No [Yes Some B$ Yes Yes Italian 0-10 Yes
X7 No [Yes No |No None B Yes No Burger 0-10 No
X8 No [No No |Yes Some [$ Yes Yes Thai 0-10 Yes
X9 No |Yes Yes [No Full 5 Yes No Burger >60 No
X10 Yes |Yes Yes |Yes Full 5SS No Yes Italian 10-30  [No
X11 No [No No |No None 3 No No Thai 0-10 No
X12 Yes Yes | Yes [Yes Full 5 No No Burger 30-60  |Yes

The problem is to identify the attribute that most strongly determines whether or not the customer will wait for a table. For
this purpose, a contingency table can be formed between one of the 10 parameters and the outcome, namely wait or no
wait. For every contingency table, the chi-square test can be employed to test the association between the two attributes. In

the example being discussed here, three of the 10 chi-square values are zero, three
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more have a p-value exceeding 0.5, and three cases have the p-values between 0.2 and 0.5. Only one chi-square statistic is

significant with a p-value equal to 0.04. The corresponding attribute is "Patrons"”. In case of "None" no customers have

waited (two cases), in case of "some", all customers have waited (four cases), whereas the response is mixed in case of "Full"

(two cases of wait and four cases of on wait). It is then necessary to explore only these six cases for further exploration.

These are case numbers 2, 4, 5, 9, 10 and 12. Nine contingency tables corresponding to the other nine parameters are formed

and chi-square values are computed along with the associated p-values. The p-value is smallest for the parameter "Hungry"

and what is observed is that the customer has not waited when not hungry (two instances) but has waited twice and not

waited twice when hungry (four instances). Out of these four instances, one instance has restaurant type Italian when the

customer has not waited; one instance has restaurant type Burger when the customer has waited. Among the other two

instances of Thai type restaurant, the customer has waited once and not waited once. If other parameters are observed for

these two instances, it is observed that the customer has waited when it was Friday or Saturday, whereas the customer has

waited when it was Friday or Saturday. In this way a complete analysis of the given data generates the following decision

rules. Rule 1. When there are no patrons in the restaurant do not wait.

Rule 2. When there are some patrons in the restaurant then wait.

Rule 3. When the restaurant is full, do not wait if not hungry.

Rule 4. When the restaurant is full and customer is hungry, then wait if the restaurant is French

Rule 5. When the restaurant is full and customer is hungry, then wait if the restaurant type is Burger.

Rule 6. When the restaurant is full and customer is hungry, then do not wait if restaurant is Italian.

Rule 7. When the restaurant is full, customer is hungry and restaurant type is Thai then waits if it is Friday or Saturday.

Rule 8. When the restaurant is full, customer is hungry and restaurant type is Thai then do not wait if it is not Friday or
Saturday.

The example discussed above is enough to indicate how complicated it is to induce decision rules form data. Three more
illustrative examples are mentioned here for a later discussion. These examples will indicate some more complications that
can occur while inducing decision rules form data. Example 3.2 Play Golf

The decision as to play or not to play golf depends on four parameters, namely temperature (hot, mild, or cool), outlook
(sunny, overcast, or rain), humidity (hormal or high), and wind condition (windy or not windy). A total of fourteen instances
are available in data and a decision rule is to be induced to decide whether or not to play golf when the status of each of the
four parameters is specified. The fourteen instances are listed here.

[Temperature | Outlook Humidity Windy Play Golf?
Hot Sunny High False [No
Hot Sunny High True |No
Hot Overcast High False [Yes
Cool Rain Normal False [Yes
Cool Overcast Normal True [Yes
Mild Sunny High False |No
Cool Sunny Normal False [Yes
Mild Rain Normal False [Yes
Mild Sunny Normal True [Yes
Mild Overcast High True [Yes
Hot Overcast Normal False [Yes
Mild Rain High True |No
Cool Rain Normal True |No
Mild Rain High False [Yes

Example 3.3 Play Tennis

A decision of whether to play tennis is taken by considering four parameters, namely outlook (sunny, overcast, or rain),
Temperature (Hot, Mild, or Cool), Humidity (Normal or High) and Wind Condition (Weak or Strong). Fourteen instances are
given in the data set for inducing rules to decide whether to play tennis when the conditions of all the four parameters are
given or known.

Outlook Temperature Humidity Wind Play Tennis
Sunny Hot High \Weak No
Sunny Hot High Strong No
Overcast Hot High \VWeak Yes
Rain Mild High \VWeak Yes
Rain Cool Normal Weak Yes
Rain Cool Normal Strong No
Overcast Cool Normal Strong Yes
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Sunny Mild High eak No
Sunny ool Normal eak Yes
Rain Mild Normal eak Yes
Sunny Mild Normal trong Yes
Overcast Mild High trong Yes
Overcast Hot Normal eak Yes
Rain Mild High trong No

Example 3.4. The Vertebrate Data Set

The problem is to classify a vertebrate as a mammal, reptile, bird, fish, or amphibian. the features observed for this purpose
are (i) Body Temperature (warm-blooded or cold-blooded), (ii) skin cover (hair, fur, scales, feathers, quills, or none) (iii)
Gives Birth (Yes or No) (iv) Aquatic Creature (Yes or No), (v) Aerial Creature (Yes or No), (vi) Has Legs (Yes or No), and
(vii) Hibernates (Yes or No). The data set consists of fifteen vertebrates and the decision rule is required to be induced from
this data set. The resulting decision rule will also be called the classification rule because the decision is of the form of
classifying a given vertebrate in to one of the five possible classes.

Body Skin Gives Aquatic Aerial Has

Hibernates Class Label
[Temperature Cover Birth Creature Creature Legs
warm-blooded hair yes no no yes no mammal
cold-blooded Scales no no no no yes reptile
cold-blooded Scales no yes no no no fish
warm-blooded hair yes yes no no no mammal
cold-blooded hone no semi no yes yes amphibian
cold-blooded Scales no no no yes no reptile
warm-blooded hair yes no yes yes yes Imammal
warm-blooded feathers o no yes yes no pird
warm-blooded fur yes no no yes no Imammal
cold-blooded Scales yes yes no no no fish
cold-blooded scales no Semi no yes no reptile
warm-blooded feathers o Semi no yes no pird
warm-blooded quills yes no no yes yes mammal
cold-blooded Scales no yes no no no fish
cold-blooded hone no Semi no yes es amphibian

Wald's decision theory aims at finding on optimal decision rule because the decision consists of several part decisions, each
of them depending on one parameter. A complex decision problem would require multiple computations and comparisons
before arriving at an optimal decision or decision rule. As an example the data set of Example 3.1 would be rearranged as
follows

Attributes Goal
Willw
Example
Alt [Bar Fri  Hun Pat Price |Rain Res Type Est it

X7 No [Yes No |No None B Yes No Burger 0-10 No
X11 No [No No |No None 3 No No Thai 0-10 No
X1 Yes [No No |Yes Some  [$$ No Yes French 0-10 Yes
X3 No [Yes No |No Some B No No Burger 0-10 Yes
X6 No [Yes No |Yes Some [5$ Yes Yes Italian 0-10 Yes
X8 No [No No |Yes Some B$ Yes Yes Thai 0-10 Yes
X5 Yes [No Yes [No Full 553 No Yes French >60 No
X9 No [Yes Yes [No Full i Yes No Burger >60 No
X12 Yes Yes | Yes |Yes Full 5 No No Burger 30-60  |Yes
X10 Yes |Yes Yes |Yes Full 553 No Yes Italian 10-30  |No
X2 Yes [No No |Yes Full 5 No No Thai 30-60 |No
X4 Yes [No Yes [Yes Full 5 No No Thai 10-30 [Yes
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In the above table, boundaries are drawn after line 2, line6, line 8, line 9, line 10 and line 11. This indicates that the data
set is partitioned into 8 subsets, so that 8 decisions rules can define these 8 subsets. The subsets corresponding to {X7,
X11}, {X5, X9}, {X10} and {X2} lead to the decision of not waiting, while the subsets corresponding to {X1, X3, X6,
X8}, {X12} and {X4} lead to the decision of waiting. Such a rearranged table is decision table. Similar decision tables can
be constructed for the other two examples also.

4. DECISION TREE INDUCTION
Decision rules are usually presented in the form of a list or a table, as is illustrated in the previous section. The difficulty in
this approach is that it requires carrying redundant or irrelevant information all along the process. This increases the
computational complexity as well as space complexity. It is proposed to present a decision rule in the form of a decision
tree that minimizes (or eliminates) redundancy and reduces computing complexity as well as space complexity of the
procedure. Referring to Example 3.1 again, the decision rule can be represented in the form of a decision tree as follows

Patrons? I

None Some Full
( No I ( Yes ]
5 4 Yes No
() (e
2
French Ttalian Burger ‘ Thai

1

o) ) [ )
1 No

1

(%) (e

Note: The number below each leaf node is the size of the node.
What is important to note here is that in the leaf node corresponding to Patrons = None, no other information is required and
can therefore be ignored. Similarly, in the leaf node corresponding to Hungry = No, no more information is required and
hence can be ignored. Similarly for other leaf nodes. The decision tree presented above can now he presented in the form of a
decision table as follows.

Wait
X7 | Pat = None No
X11 | Pat = None No
X1 | Pat = Some Yes
X3 | Pat = Some Yes
X6 | Pat = Some Yes
X8 | Pat = Some Yes
X5 | Pat = Full, Hungry = No No
X9 | Pat = Full, Hungry = No No
X12 | Pat = Full, Hungry = Yes, Type = Burger Yes
X10 | Pat = Full, Hungry = Yes, Type = Italian No
X2 | Pat = Full, Hungry = Yes, Type = Thai, Fri = No No
X4 | Pat = Full, Hungry = Yes, Type = Thali, Fri = Yes Yes

It can be easily noted that the decision table presented above contains no redundant information and hence has a minimal
computing and space complexity. Interested readers may similarly construct decision trees and minimal decision tables for
the other two examples.
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5. CONCLUSION

This paper proposes to present complex decision rules in the form of decision trees. The purpose of doing so is two-fold.
First, this method eliminates redundancy, resulting in minimizing computing and space complexity. Second, this method
produces results that are sufficiently simple to understand and hence are easy to use. The next stage is to automate the
procedure for generating the minimal decision tree that can also be presented in the form of a decision table in the canonical
form. The authors are interested in handing more complex decision problems in order to improve the efficiency of the
proposed procedure. Research in this direction is under way in order to identify equivalent alternatives, to develop
appropriate measures of efficiency, and to develop algorithms to establish and evaluate redundancy of information. It is
hoped that such research efforts and developmental activities will lead to more efficient decision processes and also allow
more efficient ways of presenting the derived results.
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