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VERTEX POLYNOMIAL FOR THE DEGREE SPLITTING
GRAPH OF SOME STANDARD GRAPHS
E. Ebin Raja Merly*, A. M. Anto?

Abstract-The vertex polynomial for the graph G= (V.E} is defined asV(G.x) = Tp = wx¥ where
A(G) = max {d(v)/veV} and w, is the number of vertices of degree k. In this paper we seek to find the vertex
polynomial for thedegree splitting graph of Comb, Crown, Triangular snake, Double Triangular snake,
Quadrilateral snake, Double Quadrilateral snake, B, i) K. (o = 2).C, MK im = 3]

Keywords- Comb, Crown, Triangular snake, Double Triangular snake, Quadrilateral snake, Double Quadrilateral

snake.

1. Introduction
In a graph G = (V. EJ, we mean a finite undirected simple graph. The vertex set is denoted by V and the edge set by E.
For veV, d(w) is the number of edges incident with v. the maximum degree of G is defined asA{G) = max {d(v)/veV}.For
terms not defined here, we refer to Frank Harary [1]. The graph G = (V. EJwith V=5, U5, U ... U 5 U T, where each
5iis a set of vertices having at least two vertices and having the same degree andT =V 5;. The degree splitting graph
of G denoted by D5(Gland is obtained from G by adding the vertices wy. w5, ....wyand joining wito each vertex
of5.1 = i=t. The graph G = (V. E} is simply denoted by G.
Definition: 1.1
The graph obtained by joining a single pendent edge to each vertex of a path is called Comb.
Definition: 1.2
Any cycle with pendant edge attached to each vertex is called Crown(C, & K;).
Definition: 1.3
A Triangular Snake T, is obtained from a path u;u; ..u, by joining u; and u;,;to a new vertex w; for
1 =1i=n-—1. Thatisevery edge of a path is replaced by a triangleC;.
Definition: 1.4
A Quadrilateral Snake Qy, is obtained from a path u;u; ... 1, by joining u; and ;. ;to two new vertices v; and w;
respectively and then joining ¥; and w;. That is every edge of a path is replaced by a cycleC;.
Definition: 1.5
The Double Triangular Snake D{T, Jconsists of two Triangular snakes that have common path.
Definition: 1.6
The Double Quadrilateral Snake D{Qy Jconsists of two Quadrilateral snakes that have common path.
2. Main Results:
Theorem: 2.1
Let Gbe a Comb with order2n.(nz=3). Then the Vertex Polynomial of D5{G) is
VIDS(G)x) =x™ 2 + 4™+ (n—2)x% + 2x% + (n + 1=~
Proof:
Let & be a Comb with order 2n, {n = 3. In G.n — 2 vertices have degree 3; n vertices have degree 1 and 2
vertices have degree 2. We can construct the graph D5 {7} by introducing three newvertices, say wy. Wy, Wy
makew; adjacent to 3-degree vertices, w;adjacent to 1-degree vertices, wzadjacent to 2-degree vertices. Therefore, we
have n — 2 vertices have degree 4, n + 1 vertices have degree 2, 2 vertices have degree 3, 1 vertex has degree n — 2 and
1 vertex has degreen. This givesV(D5(G).x) = x" % + x" + (n—2)x* + 2x% + (n + 1)z,
Theorem: 2.2
Let Gbe a Crown with order2m{n=3). Then the Vertex Polynomial of D&(G) is
VIDS(6).x) = 2x™ + nx* + nxl
Proof:
Let G be a Crown with order 2n, (n = 3}. In G. n vertices have degree 3 andn vertices have degree 1. We can construct
the graph D5() by introducing two new vertices, say wy. w3 make wyadjacent to 3-degree vertices andwzadjacent to 1-
degree vertices. Therefore, we have n vertices have degree 4,n vertices have degree 2 and 2 vertices havedegreert. This
gives V(D5(G). x) = 2x™ + nx®* + nx?
Theorem: 2.3
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Let  be a Triangular Snake with order 2n — 1, (n = 3). Then the Vertex Polynomial of D5{G7 is

VIDS(G)x) =x™ 2 5™ 4 (n — 20x% +(n + 1)x%

Proof:

Let G be a Triangular Snake with order 2n — 1, (n = 3.In G.n — 2 vertices have degree 4 and n + 1 vertices have
degree 2. We can construct the graph D5(G) by introducing two new vertices, say wy. w;: make wyadjacent to 4-degree
vertices and w;adjacent to 2-degree vertices. Therefore, we have n — 2 vertices have degree 5, n + lvertices have degree
3, 1 vertex has degreen — 2 and 1 vertex have degreen + 1. This gives

VIDS(G)x) =x™ 2 5™ 4 (n — 20x% +(n + 125,

Theorem: 2.4

Let G be a Double Triangular snake with order 3n — 2, (n = 3. Then the Vertex Polynomial of D5 (G} is

VDS(6)x) =x™ 2 + 22 £ (n—297 + 2x% + (2n — 2)x? + 2%,

Proof:

Let G be a Double Triangular snake with order 3n — 2, (n = 3}. In G.n — 2 vertices have degree 6; 2n — 2 vertices have
degree 2 and 2 vertices have degree 3. We can construct the graph D5 (&) by introducing three new vertices, say

Wy, Wy, w3 make wiadjacent to 6-degree vertices, wsadjacent to 2-degree vertices, wyadjacent to 3-degree vertices.
Therefore, we have n — 2 vertices have degree 7, 2n — 2 vertices have degree 3, 2 vertices have degree 4, 1 vertex has
degreen — 2, 1 vertex has degree 2n — 2 and 1 vertex has degree 2. This gives

VDS(6)x) =x™ 2 + 22 £ (n—297 + 2x% + (2n — 2)x? + 2%,

Theorem: 2.5

Let G be a Quadrilateral Snake with order 3n — 2, (n = 3. Then the Vertex Polynomial of D5{G) is

VIDS(G).x) =x™ 2 + 47" + (n — 20x% + 2nx?,

Proof:

Let & be a Quadrilateral Snake with order 3n — 2, (n = 3}. In G.n — 2 vertices have degree 4 and 2n vertices have
degree 2.We can construct the graph D5 (&) by introducing two new vertices, say wy. w;; make wyadjacent to 4-degree
vertices and w;adjacent to 2-degree vertices. Therefore, we have n — 2 vertices have degree 5, 21 vertices have degree 3,
1 vertex has degreen — 2 and 1 vertex have degree 2n. This gives V(D5 (G, x) = x™ % + x* + (n — 2)x% + 2nx?,
Theorem: 2.6

Let G be a Double Quadrilateral snake with order 5n — 4. (n = 3). Then the Vertex Polynomial of D5(G)is
VDS(6)x) =x™ 2 2% £ (n—2)x7 + 2%

+{4n — 4)x + 2%

Proof:

Let G be a Double Quadrilateral snake with order 3n — 4., {n = 3. In G.n — 2 vertices have degree 6; 4n — 4 vertices
have degree 2 and 2 vertices have degree 3. We can construct the graph D5 (&) by introducing three new vertices, say
Wy, Wy, Wy make wyadjacent to 6-degree vertices, waadjacent to 2-degree vertices, wyadjacent to 3-degree vertices.
Therefore, we have n — 2 vertices have degree 7, 41 — 4 vertices have degree 3, 2 vertices have degree 4, 1 vertex has
degreen — 2, 1 vertex has degree 4n — 4 and 1 vertex has degree 2. This gives

VIDS(G).x) =x™ 2 £ 4%7% L (n—20x7 4+ 2x% + (4n — 4)x® + =%

Theorem: 2.7

Let G beF, (O K, (n = 2). Then the Vertex Polynomial of D5(GJis

VDS(E)x) =™ £ ™ 4+ (n—2)x™*? + 2x™*2 4 (mn + 1)x%

Proof:

Let & beR, @) K,..(n = 2). n — 2 Vertices have degree m + 2.2 vertices have degree m + 1 and nm vertices have
degree 1.We can construct the graph D5 () by introducing three new vertices, say w;. w, w3 : make w;adjacent to
(m+2)-degree vertices, wzadjacent to (m+1)-degree vertices, wsadjacent to 1-degree vertices. Therefore, we have n — 2
vertices have degree m+3, 2 vertices have degree m+2, {m1 + 17 vertices have degree 2, 1 vertex has degreen — 2 and 1
vertex has degreemn. This gives V{DS(G), x) = x™ 2 + 2™ + (n—2)x™*% + 2™ & (mn + 1)x%

Theorem: 2.8

Let G beC,, & K. (n = 3).Then the Vertex Polynomial of D5(G) is VIDS(G).x) = x™ + x™ ¥ £ nx™*2 L mnx?,
Proof:

Let G beC, & K. (n = 3). In G, n vertices have degree m + 2 and nm vertices have degree 1. We can construct the

graph D5 {7} by introducing two new vertices, say w;y. w3 make wyadjacent to (m+2)-degree vertices and wzadjacent to
1-degree vertices. Therefore, we have n vertices have degree (m+3), mn vertices have degree 2,1 vertex has degreen and
1 vertex has degreemn + 1. This gives V(D5 (G} x} = =™ + x™ 1 £ nx™+2 L omnac,
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